INTRODUCTION
Let F and G be real vector spaces, in duality with respect to the bilinear form <•,•>-Dénote by P 0 (F), respectively F 0 (G\ the collection of extended real-valued functions on F, respectively G, which are proper, convex and weakly lower semicontinuous. For any Wer o (F\ any f€.r o (F) and any X € F, dénote by Prox^ X the (possibly empty) set of minimum points of the function u^& (X-u) +f (u) ; if the set Prox* X consists of exactly one point, dénote this point by prox* X. Define similarily Piox^Y and prox^F for W € r o {G\ g € r o (G) and Y e G, This concept was primarily introduced by Moreau [17] for F= G = Hilbert space, < •, • > as the scalar product and 0 = V = 2" 1 [| . || 2 . He showed that : (i) for any feT 0 (F) and any X € F, Prox* X consists of just one point and the mapping prox* : F-+F has certain regularity properties (it is a contraction, a Fréchet gradient mapping etc.) ; (U) the pairs of conjugate points associated with any pair of Fenchel conjugate functions/, g may by characterized in a simple way in terms of the pair of prox-mappings prox*, proxf.
Extensions of results of type (i) were stated by Lescarret [15] in certain reflexive normed spaces, taking 0 as a composite function of the form <p o || . ||, where <p is a suitable function R -»-R. Upper semicontinuity property of multivalued prox-mappings was discussed by Lescarret [16] and other problems concerning prox-mappings were considered by Castaing [9] and Aris [1] .
We are here interested in the following problem : find gênerai conditions on 0 and ï 7 , such that the pairs of conjugate points with respect to any pair of Fenchel conjugate functions/, g may be characterized in terms of the pair of (single-valued)proxmappingsproxpproxj', which are at least continuous. We found the following answer to the above stated problem : for reflexive spaces F 9 with G as the strong dual of i% a natural framework is that of normed reflexive spaces with 0 € r o (F) 9 V € F 0 (G) as any pair of Legendre conjugate functions. We show in §5 that such pairs 0, T exist for any reflexive normed space (conséquence of the renorming theorems of Asplund [2] (*)); such pairs Ô, Y, may arise in a natural way (as in the case of Orlicz spaces) in other forms than those considered earlier by Lescarret [15] . Thus, our results are more genera! than, but do not quite contain, the corresponding results stated in [15] .
The proofs of our results in § 3 (characterisation of conjugate points) consist in an adaptation to our framework of the corresponding results of Moreau [17] ; the proofs in §4 (continuïty properties of prox-mappings) make an essential use of the gênerai duality between differentiability and rotundity, introduced by Asplund and Rockafellar [4] , as well as of uniform versions (our lemmas 2, 3, 5 and 6) of certain results of [4] ; in § 5 we discuss a few examples and relate our results to the projection on convex closed sets and to the theorem of Beurling-Livingstone [5] .
BASIC ASSUMPHONS
In what follows .F is a reflexive normed space over R; F' is the dual space normed by the dual norm; G is any space isomorphic (algebraically and metrically) to F'; < •, • > is the canonical bilinear form on F x G. Unless otherwise stated, all questions related to the topology of F 9 respectively G, refer to the norm topology.
For the theory of topological vector spaces we refer the reader to [8] . As known, the collection of convex closed sets (as well as that of bounded sets) in F, respectively G, is the same in all the topologies compatible with the duality between F and G (in particular in the norm topology of F, respectively, -by the reflexivity of F, -in the norm topology of G). Hence F Q (F) and r o ((z) do not change if we replace the requirement of lower semicontinuity in (1) We are thankful to Professor R. T» Rockafellar, who pointed out to us a very recent result of Troyanski [21] , that enables one to construct pairs of Legendre conjugate functions, which are even Fréchet differentiable.
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the weak topology by lower semicontinuity in any topology compatible with the given duality (in particular in the norm topology).
For the gênerai theory of convex functions, Fenchel conjugacy (for short, conjugacy) and subgradients we refer the reader to [18] and [13] . Recall that : if f er Q (F) is Gâteaux differentiable at x, then the set df(x) of subgradients of/at x consists of exactly one element, denoted by ff (x), which is the Gâteaux gradient of ƒ at x; the pair of points x € F 9 y € G is said to be conjugate with respect to the pair of conjugate functions ƒ € r o (JF), g e F 0 (G) 9 if we have (2.1)
Let A and % be two collections of nonempty bounded sets in F, respectively G, such that U A générâtes F algebraically, respectively U B generates G algebraically, and A € A implies -A G A 9 respectively B e 3$ implies -Bç3S. Dénote by S, respectively 75, the topology induced on F 9 respectively G, by uniform convergence of the linear functionals on sets in $, respectively A. The topologies S on F and 75 on G are locally convex. Hausdorff and compatible with the duality between Fand G. We shall consider functions on F, respectively G, which are A -, respectivelly 3i -, differentiable in the sensé of [4] , Recall that if A € -T 0 (F) is A -differentiable at x and [7 h(x) is its A -gradient, then h is Gâteaux differentiable at x and [7 h(x) is its Gâteaux gradient. Indeed, the following two special cases present for us the main interest : 1) A is the collection of ail singleton sets in F, and 3J is the collection of ail singleton sets in G; then A -, respectively 3i -, differentiability is Gâteaux (or weak) differentiability and S respectively 7S, is the weak topology on F, respectively G\ 2) A is the collection of ail bounded sets in F, and $ is the collection of ail bounded sets in G; then A -, respectively $ -, differentiability is equivalent to Fréchet (or strong) differentiability and S, respectively 75, is the norm topology on F, respectively G.
We assume that there is given a pair of conjugate functions 0 € r o (F) t W 6 r o (G), which satisfy the following two conditions :
Note that condition (B) is not essential : it is easy to verify that if (A) holds, the pair of functions From the results of [4] , § 4, it follows that the reciprocal to each other mappings V0 :F-> G and VW : G -• F are continuous from the norm topology to the 75 -, respectively S -, topology. In the above case 2), V# is a homeomorphism, VW being its reciprocal homeomorphism. Note that according to [4] , the Fréchet differentiability of both 0 and V may be expressed in term of requirements on only one of them.
Thus W also satisfies (B) and the functions 0 and W play a symmetrical part. Therefore the results that follows still hold if we replace F, A, S and 0 by G, % T5, respectively W.
We mention some properties of 0. By Fenchel inequality, and hence 0(x) ^ 0 5 Vx € F. By (2.1),
According to [20] , h e r o (F), int dom h ^ 0 and 8A0O fï 8A(x 2 ) = 0, Vx ls x 2 €int dom/z with #! 7^ x 2 implies that h is strictly convex on int dom h (*). Thus 0 is strictly convex on i 7 , since the mapping V0 is one-toone.
According to [19] , dom W = G implies that the sets, are bounded. Since 0 e r o (F), these sets are weakly closed. In a reflexive space, a weakly closed and bounded set is weakly compact, hence the sets L(y, À), y € G> \€R, are weakly compact. Since F is a Banach space, dom 0 = F implies that # is norm continuous on F (see [19] ).
It is worth mentioning (although we do not make explicit use of this fact) that the norm and S-topologies on Fcan be related to 0 : it is easy to see that the function 111.111 F defined on F by is a norm on F, which is equivalent to the initial one || . || F ; it is also easy to verify that if fr is a filter in F such that lim^r 0 = 0, then & -> O F in the S-topology (invoke the S-rotundity of 0 at O F relative to O G , which, according to [4] , follows from the 55-differentiability of
Note that the simple requirements that 0 and W are conjugate to each other, dom 0 = F and dom W = G (all the more condition (A)) and F reflexive does not allow to go beyond the framework of normed spaces. As a matter of fact, if we do not require explicitly the initial reflexive locally convex Hausdorff topology of F to be a norm topology, the condition dom W = G (G being the strong dual space of F) yields as above that the set
is bounded, while dom 0 = F yields (since reflexive spaces are barrelled) that 0 is continuous on F. Hence the above set is a bounded neighborhood of O Fi and, by the normability theorem of Kolmogorov, it follows that the initial topology of F is a norm topology.
PROX-MAPPINGS AND CONJUGATE POINTS
For any points XÇ.F, x€F, yeG and À € R +5 consider the sets
B(X, x,y,X) = x -A(X-x, y, A),
By simple calculations we obtain 9 x€B(X 9 x 9 y,X) and VW(y) € B x W(y) 9 the sets A(x 9 y 9 A), B(X> x, y, A) and d^(y) are nonempty; by the properties of L mentioned in § 2, they are also convex and weakly compact. Note that for any fixed X 9 x and y the above sets are increasing with respect to A € R + .
In what follows, feF 0 (F) 9 g€T 0 (G) is an arbitrary pair of conjugate functions. For any X e F, respectively Y e G, we define the function & x respectively W Y , from F, respectively G, into R U { + oo } by 
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Since # x is weakly lower semicontinuous on the nonempty and weakly compact set B(X 9 X 09 y 0 , A o ), it has a minimum point x on this set. Then 3>x(*o) > #*(*), since x 0 eB(X 9 x 0i y ö; X 0 ) t Thus, by (3.8) ,
. Hence x is a minimum point of # x on all of F. The uniqueness of the minimum point follows imediatly from the strict convexity of 0.
As was shown, x € B(X, x 0 , y Oi A o ), and, all the more x € B(X, x 0 , y 0 , A), for any A > A 0 .Thus (3.7) holds. REMARK 1. In order to prove the existence of a minimum point, we could refer the reader to Moreau [18] , section 7, since inf& x (u) is the value of the u€F inf-convolution 0 O ƒ at X. We gave a direct proof because in § 4 we shall make use of lemma 1 and (3,7). EXAMPLES 1. If ƒ is Gâteaux differentiable on F, then the mapping Id F + V Wo Vf(Id F is the identity on F) on Fis bijective and
As a matter of fact, since prox^X is the unique minimum point of the Gâteaux differentiable function $> x and <P X € P 0 (F), the équation V 0 x (u) = 0 o has for any X € F a unique solution, which is just prox^X This équation is equivalent to 2. Taking f=0 in example 1 we obtain prox^Z = 2" Proof. Put x = ptOKf X and y = V 0(X-x). Since x is a minimum point of & x , we have
Taking into account the convexity of/, we obtain
and thus
and that means y € 3 f(x).
(3.9 cz) shows that proposition 1 expresses in fact the variational inequality associated with the problem of minimizing the function & x .
The theorem below gives a full characterisation by means of prox-mappings of pairs of points which are conjugate with respect to the pair of conjugale functions ƒ, g. By simple calculations
We used the fact that, according to (i), the pair X-x, y is conjugate with respect to the pair of conjugate functions <P, W. Hence, by (3.10), ®x( u ) -*x(*) > 0, V u € F, and thus X = prox^Jf.
By means of dual calculations (for W Y ) we obtain y == prox^F. 9 hence F= V0(x) + V$(I-x).
By (i), X = x+ VW(Y-V0(x))
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For the implication (i) => (iii) we have only to note that dual calculation to the above one yields 
By (3.13) and VïP= (V^)" 1 , X t = X Then by (ii) and (3.14) , Y x = y. Hence, by (3.12) y ± = j, and (3.11) 5 (3.13) show that (i) holds.
Dual calculations yield the implication (iii) => (i).
As in [17] , the above theorem yields some corollaries concerning the range of prox -mappings. 
From corollary 1 follows imediately
Corolïary 2. Prox^ is the set of points at whichf is subdifferentiable.
Corollary 3. The set of minimum points off coïncides with the set offixedpoints of the mapping proxy.
Proof Let x be a minimum point of/. Hence x € Bg(O G ). By theorem 2, x = proxjZ, where X = x + V ^(Oç) = JC, and thus x == prox^oc.
Assume now x -prox r x By proposition 1, it follows x € dg(O G ) and thus x is a minimum point of/.
CONUNUITY PROPERTJDES
We shall now investigate some continuity properties of prox-mappings under various assumptions on 0 and W. As in § 3, ƒ € r o (F), g e r o (G) is an arbitrary pair of conjugate functions. holds too. Then, taking into account that the pair X-x> y is conjugate with respect to the pair of conjugate functions 0, W,
Let w be any point in i7(6> F , 07). By proposition 1, y €. 9/(x). Hence, by theorem 1, 
Since L(y 0 , k) is bounded, prox^. is bounded on K
Lemma 2. For any function h e r o (F), with dom h = i% rt^ following five assertions are equivalent : (i) A w majorized on any bounded set in F ;
(
ii) for any p > 0 a«^ OTy bounded set K in F, the set U d*h(x) is bounded in G ; (iii) for any bounded set K in F the set U dh(x) is bounded in G ;
x€K (iv) h is Lipschitz on any bounded set in F ; (v) h is uniformly norm continuous on any bounded set in F. Proof The implications (ii) => (iii), (iv) => (i) and (iv) => (v) hold obviously, (i) => (ii). Since h is weakly lower semicontinuous on F and/i (x) > -oo V x 6 i 7
, h has a lower bound on any weakly compact set in F. In a reflexive space, any bounded set is weakly relatively compact. Hence h has a lower bound on any bounded set in F and thus h is bounded on any bounded set in F.
Let K be any bounded set in F. Dénote by / the function conjugate to h. Since / € F 0 (G\ there is y 0 € dom /. Put W = S{0 F , 1) and 
Put W = 2?(0 F , />). Indeed, we can choose p such that < w, j 0 > < r/2, VueW, holds too. Put V=r~xW. It follows
As in the final part of the proof of the implication (i) => (ii), we obtain and thus (iii) holds. This complètes the proof of lemma 2.
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We shall say that the function h € F 0 (F) is A -differentiatie uniformly on the nonempty set K in F, if h is Gâteaux differentiable on K and, for any lim sup The duality between uniform A -differentiability and « uniform 75 -rotundity » stated in lemma 3 can be proved in the same way as the duality between A -differentiability and 73 -rotundity, see [4] ,
We can now prove a uniform version of theorem 3.
Theorem 4. Assume that 0 is majorized on any bounded set in F and W is 3i -differentiable uniformly on any bounded set in G. Then, on any bounded set in F, the mapping prox / ; F^F is uniformly continuons from the norm topology to the S -topology.
Proof Let K be any nonempty bounded set in F and V any S -neighborhood of O F . There exists a convex S -neighborhood W such that W C F.
By proposition 2, the set K o = { X-prox r X : X € K } in F is bounded and hence, by lemma 2, the set V ^(^0) i n G is also bounded. Thus W is 3 -differentiable uniformly on V <P(K 0 ). It follows by lemma 3 that there exists S > 0 such that, for any y e V &(K 0 ) Hence (4.6) A(X-prox r X, V&(X -prox r X), §) C _2 Since, by lemma 2, $ is uniformly continuous on any bounded set in F, there exists 77 > 0 such that
0(z + ü)-0(z) ^ 8f4^u 9 yy ^ 8f4,W z^K O9 V yeV0(K o ) 9 V u^2(O Fi 7j).
Indeed, we can choose 77 such that (4.2) holds too. Then, using the fact that the points X-prox r X, V &(X-prox r Z) are conjugate with respect to the pair of conjugate functions & 9 
< S/2 -!P(V<Ê(X -prox r *)), Via, V w Let now X be any point in K and u any point in £(O F9 77). Put x -prox / X and 7 = V 0(X -x). As in the final part of the proof of theorem 3 we obtain
we have only to use (4.7) and (4.6) instead of (4.3), respectively (4.1). We can now prove a Lipschitz version of theorem 3.
Lemma 4. Assume that on any bounded set in F the
Proposition 3. Assume that on any bounded set in F the function 0 is majorised and, on any bounded sen in G the mapping A W is Lipschitz of order
j8, 0 < j8 < 1. Then on any bounded set in F the mapping prox / is Lipschitz of order |S/fl3 + 1).
Proof, Let K be any bounded set in F containing at least two points. By proposition 2, there exists a bounded set £/ C j? such that (4.8) prox/Zet/ , VXtK.
Since the set K-U is bounded, by lemma 2, there exists m > 0 such that It follows by (4.12) and the expression of e and S that for any X x and any X 2 in K,
We shall now investigate the function f : F-> R, f(X) = Ö^ (prox / associated with ƒ. Since 
Theorem 5. The function f is finite, convex, norm continuous on F and its conjugate ƒ * is the function W + g. Furtherrnore, if W is Fréchet dijferentiable on G, the function f is &-differentiablé on F and
Proof Since 0 is norm continuous, the inf-convolution ƒ is the conjugate of W + g y see [18] , section 9. Hence f is convex. By the same argument it followSj according to [18] , section 4, that ƒ is norm upper semicontinuous on F. Hence, by [8] , chapter II, ƒ is norm continuous on F. Since ƒ is the conjugate of W + g and W + gçr Q (G), f*=W + g .
To prove the final assertion of theorem 5 consider two arbitrary points X, X ± in F and put x = prox / X, x i =pxox f X u y = V$(I -x), and V0(X) By proposition 1. REMARK 4. By theorem 5, prox 7 = ld F -VWo Vf. This is in our framework the substitute of the fact that in the framework of Moreau [17] , prox r is a gradient mapping.
As in [17] , the above theorem yields some corollaries. Proof. (i) => (ii). Since <p € r o (F)and 0 is norm continuous, by ƒ = <p -# we conclude that ƒ € P 0 (F). Dénote by g the conjugate off, hence g € r o (Gf). According to [18] , section 9, the function conjugate to <p is the inf-convolution W D g-Hence ift = W Q g and in order to prove that (ii) holds we have only to apply theorem 5 (with G and V replaced by F, respectively 0). Vh(x + u)
Hence, by (4.5 a) and (4.23),
We can now make theorem 5 more précise under certain additional assumptions. Proof Since on any bounded set in F the function 0 is majorized, it follows immediately by (4.15 a) that on any bounded set in F the function ƒ is also majorized.
In order to show that on any bounded set in F the function ƒ is uniformlŷ fc-differentiable we have only to return to the final part of the proof of theorem 5 : invoke theorem 4 instead of theorem 3 and lemma 6 instead of the continuity of the mapping V$ :F~>G from the norm topology to the IS-topology.
EXAMPLES AND FINAL ÏOEMARKS
Note first that if F is a Hubert space over R, G = F, < ., . > as the scalar product, and 0 = W = (1/2) ||. || 2 , we are in the framework considered primarily by Moreau [17] , The assumptions of all our theorems hold. Theorems 1 (the first part), 2 and 5 reduce to the corresponding results of [17] . Concerning proposition 3, we point out that it furnishes a weaker result than 58 D. WEXLER the corresponding one of [17] (the xnapping prox r is a contraction), obtained by means which seem spécifie to Hubert spaces. That is why we think that our proposition 3 may be improved.
We shall now discuss a few examples that seem to motivate our framework and the investigation of the various continuity properties of proxmappings in § 4.
EXAMPLES. 4 . We show now that if the norms ||. || F and ||. || G have some smoothness properties (for the gênerai theory of smoothness of the norm we refer the reader to [10] Proof It is easy to verify that 0 e r o (F), W e F 0 (G) and that they are conjugate to each other (see also [18] 
